
Stats 369. Homework 6.

Exercise 2.4.

(a)

We copy here the the partition function of the SK model

Zn(β, λ) =
∑

σ∈{±1}n

exp

[
βλ

2n
⟨x0, σ⟩2 + ⟨W,σσT⟩

]

where W ∼ GOE(n).
We have

E[Zr
n] =

∫
exp[nS(Q)DQ]

·
= exp[nmax

Q
S(Q)],

where

S(Q) =
β2r

4
− β2

2

∑
1≤a<b≤r

Q2
a,b −

βλ

2

r∑
a=1

Q2
0,a + log zr(Q1RSB)

and

zr(Q1RSB) =
1

2

∑
σ0,...,σr∈{±1}

exp[βλb

r∑
a=1

σ0σa + β2
∑

1≤a<b≤r

Qa,bσ
aσb]

=
∑

σ1,...,σr∈{±1}

exp

βλb r∑
a=1

σa +
β2

2

q0( r∑
a=1

σa
)2

+ (q1 − q0)
∑
l1

( ∑
a∈Bl1

σa
)2

− q1r


=exp

(
−β2q1r

2

)
T,

where

T =E

 ∑
σ1,...,σr∈{±1}

exp

β(λb+√
q0g0) ·

( r∑
a=1

σa
)
+ β

√
q1 − q0

∑
l1

gl1

( ∑
a∈Bl1

σa
) .

Taking parallel calculations with λ = 0 case, we have

Ψ1RSB(q0, q1,m0, b;β, λ) =
β2

4
(1− 2q1 +m0q

2
0 + (1−m0)q

2
1)−

βλ

2
b2 + F (q0, q1,m0, b;β, λ),

where

F (q0, q1,m0, b;β, λ) =
1

m0
Eg0 [log

(
Eg1

[(
2 coshβ(λb+

√
q0g0 +

√
q1 − q0g1)

)m0
])
].

1



(b)

First we consider q0∗ = 0. For a given m0, the stationery point of the above expression gives

b =
Eg1 [(coshβ(λb+

√
q
1
g1))

m0 tanhβ(λb+
√
q
1
g1))]

Eg1 [(coshβ(λb+
√
q
1
g1))m0 ]

,

βm0
√
q1 =

Eg1 [(coshβ(λb+
√
q
1
g1))

m0 tanhβ(λb+
√
q
1
g1))g1]

Eg1 [(coshβ(λb+
√
q
1
g1))m0 ]

.

For a given m, we use the fixed point iterations to compute b(m) and q1(m), and we minimize Ψ1RSB(q0 =
0, q1(m),m, b(m)) with respect to m.

The Matlab program is as following.

1 c l c ; c l e a r ; c l o s e a l l ;
2

3 beta = 1 ;
4 lambdaset = 1e − 5 : 0 . 1 : 3 ;
5 f o r i ter lambda = 1 : l ength ( lambdaset )
6 lambda = lambdaset ( i ter lambda ) ;
7 mset = 1e −5 : 0 . 0 1 : 0 . 9 9 9 ;
8 eps = 1e−5;
9

10 f o r i term = 1 : l ength (mset )
11 i term
12 m = mset ( i term ) ;
13 b = 0 . 5 ;
14 q = 0 . 5 ;
15 bpre = b ;
16 qpre = q ;
17 D = 100 ;
18 maxiter = 100000;
19 f o r i t e r = 1 : maxiter
20 f = @(x ) tanh ( beta ∗ ( lambda ∗ b + sq r t ( q ) ∗ x ) ) .∗ cosh ( beta ∗ (

lambda ∗ b + sq r t ( q ) ∗ x ) ) . ˆm .∗ exp(−x .ˆ2/2 ) / sq r t (2∗ pi ) ;
21 g = @(x ) tanh ( beta ∗ ( lambda ∗ b + sq r t ( q ) ∗ x ) ) .∗ cosh ( beta ∗ (

lambda ∗ b + sq r t ( q ) ∗ x ) ) . ˆm .∗ exp(−x .ˆ2/2 ) / sq r t (2∗ pi ) .∗ x ;
22 h = @(x ) cosh ( beta ∗ ( lambda ∗ b + sq r t ( q ) ∗ x ) ) . ˆm .∗ exp(−x .ˆ2/2 ) /

sq r t (2∗ pi ) ;
23 b = i n t e g r a l ( f , −D, D) / i n t e g r a l (h , −D, D) ;
24 q = min ( ( i n t e g r a l ( g , −D, D) / i n t e g r a l (h , −D, D) /beta /m) ˆ2 ,1) ;
25 i f abs ( qpre − q ) < eps & abs ( bpre − b) < eps
26 break
27 end
28 bpre = b ;
29 qpre = q ;
30 end
31 Phi = beta ˆ2 /4 ∗ (1 − 2∗q + (1−m) ∗ qˆ2) − beta ∗ lambda/2 ∗ bˆ2 + 1/m ∗

l og (2ˆm ∗ i n t e g r a l (h , −D, D) ) ;
32 Phires ( i term ) = Phi ;
33 bres ( i term ) = b ;
34 qre s ( i term ) = q ;
35 end
36

37 [ ˜ , id ] = min ( Phi res ) ;
38 b lambda ( i ter lambda ) = bres ( id ) ;
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39 end
40

41 save ( s t r c a t ( ’ beta ’ , i n t 2 s t r ( beta ) , ’ . mat ’ ) ) ;

(c)

We know that b∗(β, λ) = M(β, λ). The curves for b∗(β, λ) as a function of λ with different choice of β is
given as following.
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Figure 1: M(β, λ).
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